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Abstract. Let A 2 be a ball in the complex vector space C 2 centered at the 
origin, let / : A 2 — > C 2 be a holomorphic mapping, with /(0) = 0, and let 
M be a positive integer. If the origin is an isolated fixed point of the M th 
iteration f M of /, then one can define the number Om (/i 0) of periodic orbits 
of / with period M hidden at the fixed point 0, which has the meaning: any 
holomorphic mapping g : A 2 — > C 2 sufficiently close to / in a neighborhood 
of the origin has exactly Om (f, 0) distinct periodic orbits with period M near 
the origin, provided that all fixed points of g M near the origin are all simple. 

It is known that 0Af(/jO) > 1 iff the linear part of / at the origin has 
a periodic point of period M. This paper will continue to study the number 
Om (/; 0) . We are interested in the condition for the linear part of / at the 
origin such that Om{}^) > 2. 

For a 2 X 2 matrix A that is arbitrarily given, the goal of this paper is to 
give a necessary and sufficient condition for A, such that Om (/; 0) > 2 for all 
holomorphic mappings / : A 2 — * C 2 such that /(0) = 0, D/(0) = A and that 
the origin is an isolated fixed point of f M . 



1. Introduction and the main Theorem 

We denote by C™ the complex vector space of dimension n and by O(C n ,0, 0) 
the space of all germs of holomorphic mappings / from a neighborhood of the origin 
in C" into C™ such that 

/(0) = (0 denotes the origin). 

Let 

f(z) — Xz + higher terms, 
be a germ in 0(C, 0, 0). Then is a fixed point of / and for each m £ N (the set 
of positive integers), the m-th iteration f m of / is well defined in a neighborhood 
of 0. f m is defined as f 1 = /, f 2 = f o /,..., f m = / o f m ~ x , inductively. 

If A = /'(0) is a primitive m-th root of unity, then it is well known in the theory 
of one variable complex dynamics |10| that either f m (z) = z, or there exist an 
a G N and a constant o ^ such that 

f m (z) = z + az am+1 + higher terms, 

and in the later case, is an isolated fixed point of f m and one can split this fixed 
point into one fixed point and a periodic orbits by small perturbations. More pre- 
cisely, there exists a sequence of holomorphic functions fk converging to / uniformly 
in a neighborhood of the origin so that fk (0) = and each fk has a distinct periodic 
orbits of period m converging to the origin, and a is the largest integer with this 
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property. Note that / itself has no periodic orbit of period to in a neighborhood of 0. 
The number a then can be interpreted to be the number of periodic orbits of period 
to of / "hidden" at 0. Some authors call this phenomenon that / has a virtual pe- 
riodic orbits of period to at (see [3]). This number a will be denoted by O m (f, 0). 
Here, a periodic orbit of fk of period to means a set E = {p\,p2, ■ ■ ■ ,p m } C B 
with cardinality m such that fk(pi) = P2,fk{p2) = Pa, ■ ■ ■ , /fc(Pm-i) = Pm and 
fk(pm) = Pi- A point is called a periodic point of period to if and only if it is 
contained in a periodic orbit of period to. 

In higher dimensional cases, there are similar phenomena, but things are far 
more complicated. Now, let / € 0(C n , 0, 0) and let M e N. Then there is a small 
ball B centered at so that the M-th iteration f M of / is well defined in B. If, in 
addition, is an isolated fixed point of f M then we may make B even smaller so 
that is the unique fixed point of f M in B and then define Oa/(/, 0) to be 

there exists a sequence fk £ O(C n ,0,0) uniformly converging to / in 1 
B such that each fk has to distinct periodic orbits of period M in B. J 

It is clear that in this definition, all periodic orbits of period M of fk located in B 
converge to uniformly as k —> oo. Therefore, this definition is independent of B. 

The number Om(/, 0) is a well defined integer, and the definition for 0) 
agrees with that in the case n = 1. In next section, we shall give another equivalent 
definition of the number Om(/,0) and give some examples for understanding this 
number. 

The following theorem is proved by the author in [14] . 

Theorem 1.1. Let f £ O(C™,0, 0) and assume that the origin is an isolated fixed 
point of f M . Then, 0j./(/, 0) ^ if and only if the linear part of f at has a 
periodic point of period M. 

The term "linear part" indicates the linear mapping I : C™ — > C", 

n n 
I {x \ , . . . , X n ) ^ Qlj-Ej : • ■ • i ^ ^ ^nj^j ) ) 

i=i i=i 

where 

<««>= d '<°>=GI)L 

is the Jacobian matrix of / = (/i, ...,/„) at the origin. If M > 1, then by Lemma 
13.71 the linear part of / at has a periodic point of period M if and only if the 
following condition holds. 

Condition 1.1. Df(0) has eigenvalues Ai,...,A s ,s < n, that are primitive m±- 
th,..., m s -th roots of unity, respectively, such that M is the least common multiple 
of mi, . . .,m s . 

Thus, if M > 1, by the above theorem, 0) > 1 if and only if Condition 

11.11 holds. This gives rise to the following problem. 

Problem 1.1. Assume that Condition ] 1.1\ holds. Under which additional condition 
for Df(0), one must have O M (f,0) > 2? 

In this paper, we study this problem for the case n = 2, and our goal is to prove 
the following theorem. 
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Theorem 1.2. Let M > 1 be a positive integer and let A be a 2 by 2 matrix. Then 
the following two conditions (A) and (B) are equivalent: 

(A) For any holomorphic mapping germ f £ 0(C 2 ,O, 0) such that Df(0) = A 
and that is an isolated fixed point of both f and f M , 

Om(/,0)>2. 

(B) The two eigenvalues \\ and A2 of A are primitive mi th and 7712 th roots of 
unity, respectively, and one of the following conditions holds. 

(bl) A is diagonalizable, mi = 771 2 — M and Ai = A2. 

(b2) mi = 7712 = M and there exist positive integers a and f3 such that 1 < a < 
M, 1 < /3 < M and 

A5* = A 2 ,Af = X u aP> M + l. 

(b3) mi\mi, 7712 = M, and A™ 2 ^™ 1 7^ Ai. 

(b4) M = [mi, 7712], {mi, m-i) > 1 and max{roi, 777,2} < M. 

Here, [771,1,7712] denotes the least common multiple and (7711,7712) denotes the 
greatest common divisor, of mi and 7712, and mi\m2 means that mi divides 7712. 

Remark 1.1. Consider condition (b2). If in the theorem mi — 7712 = M but 
Ai i= A2, say, Ai and A2 are distinct primitive M th roots of unity, then it is easy 
to show that there uniquely exist positive integers a and (3 such that 1 < a < M , 
1 < 13 < M and 

(1.1) Af = A 2 ,Af = Al 

The proof is left to the reader. 

fl.l)) implies that A" = Ai, and then by the property of primitive M th roots of 
unity, one can see that a(3 = kM + 1 for some positive integer k. Condition (b2) 
just permits k > 1. 

This paper is arranged as follows. In Section [21 we shall give another equivalent 
definition of the number 0) and give two examples for understanding this 

number. Sections [3HZI are aimed to prove the main theorem. In Sections [3] and 
|4j we shall introduce some known results and prove a few consequences. Then, in 
Section[5j we shall apply Cronin's theorem to compute zero orders of some germs in 
C(C 2 , 0, 0). After these preparations, the proof of the main theorem will be given 
in the last two sections. 

2. Another Definition of 0) via Dold's Indices and Some 

Examples 

Let / G C(C 2 ,0,0). Then each component of / can be expressed as a power 
series at the origin. All power series in this paper will be assumed to be convergent 
in a neighborhood of the origin. 

If p is an isolated zero of /, say, there exists a ball B centered at p such that / 
is well defined on B and that p is the unique solution of the equation f(x) — (0 
is the origin) in B. Then we can define the zero order (or multiplicity) of / at p by 

Tr f (p)=#{xeB;f(x)=q}, 

where q is a regular value of / such that |g| is small enough and # denotes the 
cardinality. 717 (p) is well defined (see [9] or Q2] for the details). 
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If the origin is an isolated fixed point of /, then is an isolated zero of the 
germ id — f G 0(C 2 , 0, 0), which puts each x near the origin into x — f(x), and then 
the fixed point index of / at is well defined by 

M/ (0) =7^-/(0). 

If is a fixed point of / such that id — f is regular at 0, say, the Jacobian matrix 
Df(0) of / at has no eigenvalue 1, then is called a simple fixed point of /. A 
simple fixed point of a holomorphic mapping has index 1 by the inverse function 
theorem (see Lemma f3 . 1 [) . By the definition, it is clear that 

M/(0) = 7Tid-/(0) = 7r/_ id (0). 

If the origin is a fixed point of /, then for any m G N, the m-th iteration f m 
is well defined in a neighborhood V m of 0. If for some M G N, the origin is an 
isolated fixed point of both / and f M , then for each factor m of M, is an isolated 
fixed point of f m as well and the fixed point index (0) of f m at is well defined. 
Therefore, we can define the (local) index as in A. Dold's work [6]: 

(2.1) Pm(/,0)= (-l) # >/—(0), 

tGP(M) 

where P(M) is the set of all primes dividing M, the sum extends over all subsets 
r of P(M), #t is the cardinal number of r and M :r = ^(Ilper-P) -1 - Notc tnat 
the sum includes the term /j,^m(0) which corresponds to the empty subset r = 0. 
If M = 12 = 2 2 • 3, for example, then P(M) = {2, 3}, and 

Pi 2 (/,0) = ^12(0) - mMo) - M/«(0) +/i/»(0). 

The formula (|2.1[) is known as the Mobius inversion formula [5] (see [13] for more 
interpretations of Dold's index). 

Remark 2.1. (1) By Corollary 

0m(/,O) = Pm(/,O)/M. 

(2) By the definition, d(/,0) = Pi(/,0) = /i/(0). 

We denote by 0(1) any holomorphic function germ at the origin, which may be 
different in different places, even in a single equation; by o(|z| fe ), any holomorphic 
function germ a defined at the origin z = such that 

(2.2) hmKz)|/|z| fe = 0, 

z— >0 

which is equivalent to the statement that a can be expressed as a power series in 
which the terms of degree < k are all zero. Also, the same notation o(|z| fe ) may 
denote different function germs in different places, even in a single equation. When 
o(|z| fe ) denotes a germ of one variable function, we just write it to be o(z k ). Thus, 
o(l) = o(|z|°) means any holomorphic function vanishing at the origin. 

Example 2.1. Let f G O(C 2 ,0,0) be given by 

(x, y) ™> (Aix + o(x), X 2 y + o(y)), 

such that Ai is a primitive m\-th root of unity and A2 is a primitive m,2-th root of 
unity, mi and ni2 are distinct primes, and that is an isolated fixed point of the 
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m\m 2 th iteration f m ^ m ^ of f. Then there exist nonzero constants a, b and positive 
integers a and (3 such that 

T _f x + ax^+\l+o{l)) \ 
J (x,y) - ^ A »H y(1 + o(1)) y 

j - y y + by^ +1 (i + o(i)) ) ' 



and 



f m im2 , st_( x + am 2 x a ^+ 1 (l + o(l)) 
' ~ V y + 6m 1 ^ m2+1 (l + o(l)) 

Thus, considering that A™ 2 ^ 1 and A™ 1 ^ 1, we have by Cronin's Theorem intro- 
duced in Section [5| that 

Mo) = i. 

M/ TO i (0) = ami + 1, ^/™ 2 (0) = /3m 2 + 1, 
Jj/»i»2 (0) = (ami + 1) (/3to 2 + 1), 
and t/ien by the formula i2.1\) . 

Pmi(f,0) = (if mi (0) - MO) = ami, 
P TO2 (/, 0) = ^ (0) - m/(0) = (3m 2 , 
P mi m 2 (f, 0) = fJ/»i-»! (0) - f»/m! (0) - /^/m 2 (0) + 1 = aPm 1 m 2 , 
and then, by Corollarv \3.5[ 

O mi (/, 0) = a, O m2 (/, 0) = 0, O mim2 (/, 0) = a[3, 

say 

(2.3) O mim2 (/, 0) = O mi (/, 0)O m2 (/, 0). 

By this example, one may guess that there is a relation between the numbers 
O mi (/, 0), O m2 (f,0) and O mirn2 (f,0) similar to the above equality (|2.3p . But see 
the next example. 

Example 2.2. Let k > 1 be any given positive integer and let f S O(C 2 ,0,0) be 
given by 



(/(*>!/)) 



t ( —x + x 2k+1 + xy 3 
e~s~y + x 2 y + y 3k+1 



We show that C 2 (/,0) = 3 (/,O) = k, but O 6 (/,0) = 1. 
After a careful computation, we have 

(2 a) i mx v)) T ( x r 2x2k+1{1 + o(1)) ~ 2xy3{1 + o(1)) 

C9 <\ (fit \\ T - ( + 

[J (X,y)) - ^ 2/ + 3 e ^ x 2 y(1 + o(1)) + 3e ^ 2/ 3fc + l (1 + o(1)) 

u 1 ' yJJ ~ I y + yh2(x,y) 



and 



with 



hi(x, y) = -6x 2k (l + o(l)) - 6y 3 (l + o(l)), 

fa (a, y) = 6e^x 2 (l + o(l)) + 6e^?/ 3fe (l + o(l)). 
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We first compute fj,f 2(0). It equals the zero order of the mapping 
F(x,y) = (x,y) - f 2 (x,y), 
and then, by \2.J$ and Corollaru \5.2\ we have 

fj, p (Q) = tt f (0) = 2k + 1. 
Similarly, by &2.5\) and Corollarv \5.2\ we have 

H f3 (0) = 3k + l. 

On the other hand, is a simple fixed point of f, and then by Lemma \3.1l 
/i/(0) = 1. Therefore, by the formula H2.1\) , we have 

P 2 (f,0) = np(fi)-l = 2k, 
P 3 (/,0) = /i /3 (0)-l = 3fc, 

and then, by Corollarv \3.5l we have 

Oa(/,0) = P 2 (/,0)/2 = fc, 

Oa(/,0) = P 3 (/,0)/3 = fc. 

Next, we show that Og(/, 0) = 1. It is clear that /ij6(0) equals the zero order of 
the mapping 

id- f : (x, y) i-> -{xh x {x, y),yh 2 {x, y)), 

and by Lemma \3. 131 the zero order of id — f 6 at is the sum of the zero or- 
ders of the four mappings putting {x,y) into (x,y), (x,h2(x,y)), (hi(x,y),y) and 
{h\{x, y), h 2 (x, y)), which are 1, 3k, 2k and 6, respectively, by Cronin's Theorem 
and Corollarv \5.2[ Thus Hfe(0) = 5k + 7, and then, by the formula &2.1\) , we have 

P 6 (/,0) = /i /8 (0)-A*/»(0)-M/3(0) + l 
= 5fc + 7-2fc-l-3fc-l + l, 

and then P 6 (f,0) = 6, and O 6 (f,0) = 1. 

Remark 2.2. (1). Assume that mi and m 2 are two positive integers and let f £ 
O(C 2 ,0, 0) such that is an isolated fixed point of f*- mi ' m2 ' , where [7711,7712] denotes 
the least common multiple of m\ and m^. Then, by Theorem O mi (f,0) > 1 
andO m2 (f,0) > 1 imply [mu m2 ](/,0) > 1. 

(2). By the main theorem, when m\ and 777,2 satisfy certain condition (for 
example, if mi = 6 and 777,2 = 10), O mi (f 1 0) > 1 and O m2 (f, 0) > 1 implies 
O [mi , m2] (/,0)>2. 

3. Some basic results of fixed point indices and zero orders 

In this section we introduce some results for later use. Most of them are known. 

Let U be an open and bounded subset of C 2 and let f :U —> C 2 be a holomorphic 
mapping. If / has no fixed point on the boundary dU, then the fixed point set 
Fix(/) of / is a compact analytic subset of U, and then it is finite (see [4]); and 
therefore, we can define the global fixed point index L(f) of / as: 

L(f)= E M/(P). 
peFix(/) 

which is just the number of all fixed points of /, counting indices. L(f) is, in fact, 
the Lefschetz fixed point index of / (see the appendix section in p3] for the details). 
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For each m G N, the m-th iteration f m of / is understood to be defined on 

KM) = r%-£r k (jJ) = {x g V- f k (x) G U for all k = 1, . . . , to - 1}, 

which is the largest set where f m is well defined. Since U is bounded, K m (f) is a 
compact subset of U. Here, /° = id. 

Now, let us introduce the global Dold's index. Let M G N and assume that 
f M has no fixed point on the boundary dU. Then, for each factor to of M, f m 
again has no fixed point on dU, and then the fixed point set Fix(/ m ) of f m is 
a compact subset of U. Thus, there exists an open subset V m of U such that 
Fix(/ m ) C V m C Vm C U and f m is well defined on %l, and thus L(/ m |p-) is well 
defined and we write L(f m ) — L(f m \—), where f m \— is the restriction of f m to 
V m . In this way, we can define the global Dold's index (see [B]) as (|2.1[) : 

(3.i) p M (f)= (-i) #r i(/ M:T )- 

rCP(M) 

Let to € N. It is clear that, for any compact subset K of U with U 1 jL 1 f : >(K) C £/, 
there is a neighborhood V C f/ of if, such that for any holomorphic mapping 
g : Z7 — ► C 2 sufficiently close to /, the iterations = 1, . . . ,to, are well defined 
on V and 

max| 5 (X) - /(X)| =^> max max | 5 J (X) - / J (X)| 0. 
xeu i<i<™xgy 

We shall use these facts frequently and tacitly. 

We denote by A 2 a ball in C 2 centered at the origin. 

Lemma 3.1 ([9J). Let f £ O(C 2 ,0,0) and assume that the origin is an isolated 
fixed point. Then 

Mo) > i. 

and the equality holds if and only if 1 is not an eigenvalue of Df(0). 

Lemma 3.2 ( 9 ]). (1) Let f : A 2 — > C 2 be a holomorphic mapping such that f 
has no fixed point on the boundary <9A 2 . Then there exists a S > such that any 
holomorphic mapping g : A 2 — > C 2 with max xg -^2 \g{x) — fix)\ < 5 has finitely 
many fixed points in A 2 and satisfies 

L{g)= E ^(P)= E M/(p) = M/)- 

peFix( 3 ) p€Fix(/) 

(2) Ln particular, ifO is the unique fixed point of f in A 2 , then for any holomor- 
phic mapping g : A 2 — * C 2 with max ig ^2 \g{x) — f(x)\ < 5, 

M/(0) = E ^sCp)' 

peFix(g) 

and if in addition all fixed points of g are simple, then 

M /(0) - #Fix( 5 ) - #{y G A 2 ; ff (y) = y}. 

This result is another version of Rouche's theorem which is stated as follows. 

Lemma 3.3 (Rouche's theorem [9 J. Let f : A 2 — > C 2 be a holomorphic mapping 
such that f has no zero on <9A 2 . Then there exists a 6 > such that any holomorphic 
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mapping g : A 2 — > C 2 with max ieaA 2 \g(x) ~ f( x )\ < $ has the same number of 
zeros in A 2 as f, counting zero orders, say, 

f(x)=0 g(x)=0 

Corollary 3.1. Let U be a bounded open subset ofC 2 , let M SN, let f :U — > C 2 
be a holomorphic mapping and assume that f M has no fixed point on dU. If f has 
a periodic point p G U with period M , then any holomorphic mapping g : U — > C 2 
that is sufficiently close to f has a periodic point with period M in U. 

Proof. This follows from Lemmas 13.11 and 13.21 directly (see [14] for a simple proof). 

□ 

Corollary 3.2. Let U be a bounded open subset o/C 2 , let M 6 N, let f : U — > C 2 
be a holomorphic mapping and assume that f M has no fixed point on dU. If f has k 
distinct periodic points with period M , then any holomorphic mapping g : U — > C 2 
that is sufficiently close to f has at least k distinct periodic points with period M 
in U. 

Proof. This follows from the previous corollary directly. □ 

Corollary 3.3. Let {/„} C 0(C 2 , 0, 0) be a sequence converging to f e 0(C 2 , 0, 0), 
uniformly in a neighborhood of the origin. If the origin is an isolated zero of f , and 
there exists an integer k such that 7T/„(0) > k for all neN, then 7iy(0) > k. 

Proof. This follows from Rouche's theorem directly. □ 

Corollary 3.4 (|14j). Let M be a positive integer, let U be a bounded open subset 
o/C 2 , let f : U — » C 2 be a holomorphic mapping and assume that f M has no fixed 
point on dU . Then: 

(i) . There exists an open subset V of U, such that f M is well defined on V, has 
no fixed point outside V, and has only finitely many fixed points in V . 

(ii) . For any holomorphic mapping g : U —* C 2 sufficiently close to f , g M is well 
defined on V , has no fixed point outside V and has only finitely many fixed points 
in V; and furthermore, 

L(g M ) = L(f M ), P M (g) = P M (f). 

(Hi). In particular, if po G U is the unique fixed point of both f and f M in U, 
then for any holomorphic mapping g : U — > C 2 sufficiently close to f , 

L(g M ) = L(f M ) = M/ «(po), P M (g) = P M {f) = P M (f,Po). 

Remark 3.1. Under the assumption that f M has no fixed point on dU, for any 
factor m of M, the conclusions (i)-(iii) remain valid if M is replaced by m, since 
f m has no fixed point on dU as well. 

Lemma 3.4. Let M be a positive integer and let f : A 2 — > C 2 be a holomorphic 
mapping such that f M has no fixed point on <9A 2 and each fixed point of f M is 
simple. Then, Fix(/ M ) is finite, and 

ft) L(f M ) = #Fix(/") = E H m^(/); 

(ii) Pm(/) i s the cardinal number of the set of periodic points of f of period M; 
(Hi) P/\/(/)/Ajf is the number of distinct periodic orbits of f of period M. 
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Proof, (i) and (ii) are proved in [7] (see [14] for a very simple proof), and (iii) 
follows from (ii). □ 

A fixed point p of / is called hyperbolic if Df(p) has no eigenvalue of absolute 
1. If p is a hyperbolic fixed point of /, then it is a hyperbolic fixed point of all 
iterations f J ,j G N. A hyperbolic fixed point is a simple fixed point, and so it has 
index 1 by Lemma |3. II 

Lemma 3.5. Let M be a positive integer, let V be an open subset of A 2 and let f : 
A 2 — > C 2 be a holomorphic mapping such that f M is well defined in V and has no 
fixed point on dV . Then for any positive number e > 0, there exists a holomorphic 
mapping f £ :A 2 ^ C 2 such that 

mp_\f e (X)-f(X)\<s 

XEA 2 

and all the fixed points of /~* located in V are hyperbolic. 

A proof of this result follows from the argument in [2] . Another proof can be 
found in [LI] . 

Corollary 3.5. Let f : A 2 — ► C 2 be a holomorphic mapping so that is the unique 
fixed point of both f and f M in A 2 . Then 

(3.2) O M (f,0)=P M (f,0)/M, 

and there exists a S > 0, such that any holomorphic mapping g : A 2 — > C 2 with 
max xeA2 \d( x ) ~ f( x )\ < ^ has exactly Om(/,0) distinct periodic orbits of period 
M in A 2 , provided that all fixed points of g M are simple. 

Proof. By Corollary 13.41 (iii), there exists a 8 > such that, for any holomorphic 
mapping g : A 2 — > C 2 , 

(3.3) max\g(x) - f(x)\ < 6 
implies 

(3.4) Pm(9) = P M (f,0). 

Let e be any positive number with e < 5. Then by Lemma 13.51 there exists a 
holomorphic mapping g\ : A 2 — > C 2 satisfying (|3.3[) for e, say, 

max \gi(x) - f(x)\ < e, 

xEA 2 

such that all fixed points of g^f located in A 2 are simple, and then by (|3.4|) and 
Lemma T3.4I (iii). g — g\ has exactly Pm(/,0)/M distinct periodic orbits of period 
M. Therefore, by the definition of the number Om(/, 0) and the arbitrariness of e, 
we have 

O M (f,0)>P M (f,0)/M. 

We show that the inequality does not occur. 

Otherwise, by the definition of Om(/, 0), there exists a holomorphic mapping 
52 : A 2 — > C 2 satisfying (|3.3[) , say, 

max \g 2 (x) - f(x)\ < 5, 

xGA 2 

such that <72 has at least Pm(/, 0) + M distinct periodic points of period M in A 2 . 
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Furthermore, by Corollary 13.21 and Lemma l3.5l there exists a holomorphic map- 
ping #3 satisfying the following three conditions. 

(a) (73 is so close to gi that 173 satisfies (I3.3[) . say, 

max \g 3 (x) - f(x)\ < S. 

xGA 2 

(b) 53 is so close to c/2 that it has at least Pm(/, 0) + M distinct periodic points 
of period M in A 2 . 

(c) All fixed points of g^f in A 2 are simple. 

By (c) and Lemma [3~4l (ii). g 3 has exactly Pmigs) distinct periodic points of 
period M, and then by (b), P M {93) > Pm(/=°) + M. But g = g 3 satisfies lO by 
(a). Then g = g 3 satisfies (HQ}, say, Puigs) — Pm(/>0)< This is a contradiction, 
and then (|3.2|) is proved. 

If g : A 2 — > C 2 is a holomorphic mapping that satisfies (|3.3|) . then it satisfies 
(|3.4p . and then, by Lemma [3~4l (iii), it has 

P M (g)/M = P M (f, 0)/M = M (f, 0) 

distinct periodic orbits in A 2 of period M, provided that all fixed points of g M are 
simple. This completes the proof. □ 

The following result also follows from the above argument. 

Lemma 3.6. Let k and M be positive integers and let f £ 0(C 2 ,O,O). If is an 
isolated fixed point of both f and f M , then Om {f,0)>kif there exists a sequence of 
holomorphic mappings fj £ C(C 2 , 0, 0), uniformly converging to f in a neighborhood 
of the origin, such that 

/ J (0) = 0and O M (fj,0) > k. 

Lemma 3.7. Let L : C™ — » C n be a linear mapping and let M > 1 be a positive 
integer. Then L has a periodic point of period M if and only if L has eigenvalues 
Ai,...,A s ,s < n, that are primitive mi th,..., m s th roots of unity, respectively, 
such that M = [mi, . . . , m s ] . 

This is a basic knowledge of elementary linear algebra. Recall that [mi, . . . , m s ] 
denotes the least common multiple of mi, . . . , m s . This Lemma is only used once 
in this paper (in Section 1). We shall frequently use its special case with n = 2 in 
another version: 

Lemma 3.8. Let L : C 2 — > C 2 be a linear mapping and let M > 1 be a positive 
integer. Then L has a periodic point of period M if and only if one of the following 
conditions holds. 

(a) One eigenvalue of L is a primitive M-th root of unity. 

(b) The two eigenvalues of L are primitive mi th and m,2 th roots of unity, 
respectively, such that [mi,%] = M. 

Lemma 3.9. Let f £ £>(C 2 ,0,0) and let 

9JI/ = {m £ N; the linear part of / at has periodic points of period m}. 

Then, 

(i). For each m £ N\97t/ such that is an isolated fixed point of f m , 

P m (/,0) = 0; 
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(ii). For each positive integer M such that is an isolated fixed point of f M , 

H f u(0)= Yl p ™ (/.°)- 

m\M 

Proof, (i) and (ii) are essentially proved in [3] (see [14] for a simple proof). □ 

Remark 3.2. In the previous Lemma, the set 9Jlf contains at most four numbers, 
by Lemma \3.£\ 

Lemma 3.10. Let k be a positive integer, let f and h be germs in O(C 2 ,0, 0) 
such that is an isolated fixed point of both f and f k and det Dh(0) ^ 0, and let 
g = h o / o hT 1 . Then is still an isolated fixed point of both g and g k , and the 
following three equalities hold: 

Hfk(Q) = figk(0), 

P k (f,o) = P k (g,o), 

O k (f,0) = O k (g,0). 

Proof. The first equality is well known. The second follows from the first equality 
and the definition of Dold's indices. The last then follows from the second and 
Corollary [331 □ 

The following result is due to M. Shub and D. Sullivan [IT] . It is also proved in 

Ha- 

Lemma 3.11. Let m > 1 be a positive integer and let f 6 0(C 2 , 0, 0). Assume that 
the origin is an isolated fixed point of f and that, for each eigenvalue A of Df{Q), 
either A = 1 or A'™ ^ 1 . Then the origin is still an isolated fixed point of f m and 

/i/(0)=/i /m (0). 

Lemma 3.12 ( 9J). Let hi and hi be germs in O(C 2 ,0, 0). IfO is an isolated zero 
of both hi and h%, then the zero order of hi o /i 2 at equals the product of the zero 
orders of hi and hi at 0, say, 7i7j lO fc 2 (0) = 717^(0)717^(0). 

Lemma 3.13 {[%. Let f = (fi,h) and g = (f 2 ,h) be two germs in 0(C 2 , 0, 0). If 
is an isolated zero of both f and g, then is also an isolated zero of F — (/1/2, h) 
and 

7T F (0) =7r/(0)+7Th(0). 

4. Normal Forms and Iterations of Normal Forms 

The following lemma is a basic result in the theory of normal forms (see [T], p. 
84-85). 

Lemma 4.1. Let f G O(C 2 ,0,0) and assume that Df(0) = (Ai, A2) is a diagonal 
matrix. Then for any positive integer r, there exists a polynomial transform 

(4.1) (j/i,?/2) = H{xi,x 2 ) = (xi,x 2 ) + higher terms 

of coordinates in a neighborhood of the origin such that each component gj of 

9 = {91,92) = H^ 1 ofoH 
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has a power series expansion 

r 

(4.2) g j (x 1 ,x 2 ) = XjXj + ^2 4 ll2 x \ x 2 + higher terms, j = 1, 2, 

il+i 2 =2 

in a neighborhood of the origin, where i\ and i 2 are nonnegative integers and, for 
j = 1 and 2, 

(4.3) c? li2 # only if A^A^A* 2 . 

Corollary 4.1. Let oe any transform given by the previous lemma. Then for 
each fc 6 N, £/ie fc i/i iteration g k = {g[ k \ g^) °f i ae germ g — {gi, g 2 ) = H~ l o f oH 
has an expansion similar to |^.^[ ), more precisely, in a neighborhood of the origin, 

r 

(4.4) gf\x u x 2 ) = \ k j x j + C hiA4 2 + higher terms, j = 1,2, 

il+i 2 =2 

where i\ and i 2 are nonnegative integers and, for j — I and 2, 

(4.5) C*> 2 ^ only if A, = A^A* 2 . 

Before starting the proof, we recall that the notation o(|z| r ) denotes any holo- 
morphic function germ whose power series expansion at the origin has no terms of 
degrees from to r. The same notation o(|z| r ) may denote different function germs 
in different places, even in a single equation. 

Proof. By (|4.2p , the conclusion holds obviously, except (|4.5[) . We show that the 
coefficients satisfy (|4.5p for all fc £ N and j — 1,2. This is done by induction 
on fc. 

Since g 1 = (g± , g% ) = (51,32) = 9, the conclusion holds for k = 1, by the 
previous lemma. Assume that (|4.5[) is true for fc = 1, . . . , I. We complete the proof 
by showing that (|4.5[) is true for fc = I + 1 and j = 1,2. 

For j = 1, and fc = I + 1, it is clear by the induction hypothesis that 

3i (xi,X2j 

= ffi srfci, ^2) = g[ l) (gi(xi, x 2 ), 52 (xi, x 2 )) 

r 

= A z 1 gi(a;i,X2) + C" J2 [51 (xi, x 2 )] Jl [52 (xi, x 2 )] 12 + o(\g(x!, x 2 )\ r ), 

i 1 +i 2 =2 

and then, writing o{\g{x\,x 2 )\ r ) — o(|x| r ), we have 

(4.6) g[ l+1) (x u x 2 ) 

r 

= \\gi{x 1 ,x 2 )+ J2 C ^2 i9i(xi, x 2 )] 11 [g 2 ( Xl , x 2 )} 12 +o(|x| r ), 

and by the induction hypothesis, for each pair (ii,i 2 ) in the sum in (14. 6|) . 

(4.7) ^ Q only if Ax = A^A^. 

By (14. 2[) , for the first part of the right hand side of (|4.6D , we have 

r 

\[gi(xi,x 2 ) = Aj +1 xi + \[ 2J c i!i 2 x i la; 2 2 + higher terms, 
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where each cj^ satisfies (|4.3|) for j = 1, say, \[gi(xi, x 2 ) is already in the form 
of the right hand side of (|4.4[) , together with condition (|4.5[) . Thus, by (|4.6[) , to 
complete the induction for j = 1, it suffices to show that we can write the sum 

r 

(4.8) a(x 1 ,x 2 ) = J2 Cl 1 ll2 [g 1 (x 1 ,x 2 )r[g 2 (x 1 ,x 2 )Y 2 

in KB to be 



1+ i 2 =2 



(4.9) 



c(x 1 ,a;2)= ^ C 



J1J2 X l X 2 



0(10, 



such that for each pair (ji , j'2 ) 

(4.10) C'+M ^ only if A x = Aj 1 A 2 2 . 

By (14. 8|) and the expressions of g\ and g 2 in (|4.2p . we have 
a{xi,x 2 ) 



J2 CH i2 X lXl + £ <sA lx 2+o(\x\ r ) 

i 1 +i 2 = 2 L Si+S 2 =2 

r 1 * 2 

a 2 ^ 2 + £ 4t 2 ^i 1 4 2 +o(kD 



ti+t 2 =2 



E 3 



il+i 2 = 2 



il«2 



Aia;i + £ c^zi 1 



si+s 2 =2 



A 2 X 2 + E C tlt2^1 

tl+t 2 =2 



*l T t2 



+ o(|xD 



Thus, a(x\,x 2 ) is a power series at the origin which is the sum of terms that is 
either of the form cx^x^ 2 with i\ + i 2 > r, or of the form 



(4.11) D hh x?x% = C£ i2 



(s 1: s 2 )eE 1 



Sl„«2 V s l s 2 



(A2W 2 I] (c^ 1 *' 2 )'' 1 ' 
(ti,*2)e-B 2 

where l±, l 2 , l SlS2 an d l' tl t 2 are nonnegative integers, and E\ and -E2 are sets of some 
pairs of nonnegative integers such that 

(4.12) h+ l >i>* = *i, and 1' 2 + £ Z^ 2 = i 2 

(«i,«2)eEi (ti,t 2 )eB 2 



(4.13) 



= A'/ X l 2 C\ 



3132 



ill 

'ili 2 



(si,s 2 )GBi 



n 

(tl,t 2 )£E 2 



tits) 
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(4.14) 

and 
(4.15) 

We show that 



( Su s 2 )eE 1 (tut 2 )eE 2 

j 2 = l' 2 + Y S ^s lS2 + Y t2l tit 2 - 
(s 1 ,s 2 )GE 1 (ti,t 2 )GE 2 



D M2 ^0only if A x = Af Af . 
By dHI3]), fO]) and (@T7]), it is clear that D jlh ± only if 

Al - A 2 , 

Ai = AfA* 2 for all (si,s 2 ) £ 



and 



A2 = A^ 1 A 2 2 for all {t u t 2 )eE 2 . 



Therefore, if D jlh ^ 0, then we have, by (j¥7T^|) - (|¥7T5|) . that 

\h\32 _ \' 1+ ^(ai,=2)eEl Sl ' s l a 2+E( tl ,t 2 )eE 2 *i't 1 t 2 

^1 A 2 — A l 



xA 



( 2+2Z( sl , S2 )eE 1 s 2i 31S2 +Z] (tli 4 2)6E2 t 2 l Ht 



a! 1 n ( a i ia ?)' 

(*i,a 2 )eBi 

Ai 1 J] (Ax)'— 
(si,s 2 )eBi 



n w ia 2 2 )' u 



(* 1 ,t 2 )es 2 

Af? J] (A a )'U 
(ti,t 2 )e-E 2 

^' 2 + 5Z(t 1 ,t 2 )eE 2 h t t. 



\H \^ 2 \ 

1 2 — 1 " 



In other words, -D JU2 ^ only if Ai = A^A^ 2 . Thus, we can write o~(xi,x 2 ) to be 
(|4.9[) with (|4.10p . and then, we have proved that (|4.5[) is true for k = I + 1 and 
j = 1. For the same reason, (|4.5p is true for /c = Z + 1 and j = 2. The induction is 
complete. □ 

5. Computing Zero Orders Via Cronin's Theorem 

Since fixed point indices are defined via zero orders, to prove the main theorem, it 
is useful to compute the zero orders of some special germs of holomorphic mappings. 
The following Cronin's theorem plays an important role in our computations. 

Theorem 5.1 (Cronin 5J). Let f 6 O(C 2 ,0,0) be given by 

f(x!,x 2 ) = (P mi (x 1} x 2 ) +o(\x\ mi ),Q m2 (x 1 ,x 2 ) +o(|a;| m2 )), 

where x = (xi,x 2 ), P mi and Q m2 are homogeneous polynomials of degrees m\ and 
m 2 , respectively, in x\ and x 2 . If the origin is an isolated solution of the system 

P mi {xi,x 2 ) = 0, 



(5.1) 



Qm 2 (.Xi,X 2 ) = 0, 
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then is an isolated zero of the germ f with zero order 

7T/(0) = mim 2 . 

If Q is an isolated zero of f but is not an isolated solution of the system h5.1\) , then 

71/(0) > 771lTO 2 . 

We now apply Cronin's theorem to some special cases. 

Corollary 5.1. Let g = (gi,g 2 ) G 0(C 2 ,O, 0) be given by 

gi(x u x 2 ) = x" 1 ll+1 (a 1 + o(l)) + x d 2 (a 2 + o(l)), 
g 2 (x 1 ,x 2 ) = x" 1 ll x 2 (a 3 + o(l)) + x d 2 +1 0{l), 

where d and mi are positive integers, and a.; are constants. 
If the origin is an isolated zero of g, then 

fgCO) ^ dm\ + mi + 1. 

If ai ^ 0,a2 7^ and 03 7^ 0, then the origin is an isolated zero of g with 

7r g (0) = dmi + nil + 1- 

Proof. Let h G 0(C 2 , 0, 0) be given by 

Kyuy 2 ) = {yty 2 1+1 )- 
then the two component of g o h = (gi o h, g 2 o h) have the expressions 



(5.2) 



%\ d(mi + l) ci(mi + l) , . , 

1,2/2) =OiJ/i + a 2 y 2 '+ higher terms, 

52 h(yi,y 2 ) = asy dmi y™ 1+1 + higher terms. 



If the origin is an isolated zero of g, then it is also an isolated zero of g o h, and 
then, by Cronin's theorem, 

(5.3) 7i"gofc(0) > d(mi + l)(dmi +m x + 1), 

and, considering that 7Th,(0) = d(TOi + 1), by Lemma 13.121 we have 

(5.4) 7T g (0) = 7r so/l (0)/7r h (0) > dmi + mi + 1. 

On the other hand, it is clear that when ai,a2 and a 3 are all nonzero, is an 
isolated solution of the system 

!d(mi + l) d(m 1 + l) n 

a-iVi + a 2V 2 =0, 

dmi mi+1 n 
^3^1 y 2 =°, 

and then by (|5.2p and Cronin's theorem, is an isolated zero of g o /i and the 
equality in (|5.3|) holds, and then is also an isolated zero of g and the equality in 
(|5.4p holds again. This completes the proof. □ 

Corollary 5.2. Let g = (gi,g 2 ) G £>(C 2 ,0,0) &e groen by 

' gi{xi,x 2 )=xY l (a + o(l))+x 2 0(l), 
92(2:1, ia) = x 2 {b + o(l)) + xf o(l), 

where a and b are constants. 

If the origin is an isolated zero of 5, i/ien 

7T 9 (0) > m. 

If a 7^ and i» 7^ 0, i/ien i/ie origin is an isolated zero of g with 

7T ff (0) = m. 
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Proof. Let h G C(C 2 , 0, 0) be given by 

h(yi,y 2 ) = {yi,y?)- 

Then the germ g o h = (gi o h, g 2 h) has the expression 



(5.5) 



.9i KvuVi) = a vT + a oy? + higher terms, 
92 o h(y 1 ,y 2 ) = byf + higher terms, 

for some constant ao- 

If the origin is an isolated zero of g, then it is also an isolated zero of the germ 
g o h, and by (|5.5p and Cronin's theorem, 

tt 9 o/i(0) > m 2 , 

and the equality holds if a ^ and b 7^ 0; and then by Lemma \3 . 1 21 and by the fact 
717,(0) = m, 

7T 9 (0) = 7r ffD fe(0)/7Tft(0) > m, 
and the equality holds if a 7^ and 6^0. On the other hand, by (|5.5p and Cronin's 
theorem, when a ^ and b ^ 0, is an isolated zero ot g oh, and then is also an 
isolated zero of g. This completes the proof. □ 

Corollary 5.3. Let f = (A,/ 2 ) G 0(C 2 ,O,O) &e jiwn by 

h( Xl ,x 2 ) = <0(l)+xfO(l), 

/ 2 (x!,x 2 ) = a^O(l)+4 2 0(l), 
where n\ and n 2 are positive integers. Assume that is an isolated zero of f. Then 

7r/(0) > n\n 2 . 

Proof. Consider h G O(C 2 ,0,0) given by h{ yi ,y 2 ) = (j/? 3 ,^ 1 )- Th en is an iso- 
lated zero of the germ / o h = (f± o h, f 2 ° h) and 

h°h(yi,y 2 ) = y^O(l)+y^O(l), 

f 2 °h( yi ,y 2 ) = y^O(l) + y^O(l). 

Thus, by Cronin's theorem we have 7r/ o ^(0) > n\n\, and then by the fact 7r^(0) = 
nin 2 and by Lemma 13. 121 we have 717 (0) = 7rf O fi(0)/7i7i(0) > n x n 2 . □ 

Corollary 5.4. Le£ / = (A,/ 2 ) G O(C 2 ,0,0) be given by 

fi(xi,x 2 ) = x™\ 

h{x x ,x 2 ) = < 1 0(l)+ a; ™ 2 0(l), 

where r, mi one? m 2 are positive integers. Assume that is an isolated zero of f. 
Then 

T/(0) ^ rm\m 2 . 

Proof. It follows from the previous corollary, by taking n\ = mi and n 2 = rm 2 . □ 

Corollary 5.5. Let f = (/i,/ 2 ) G O(C 2 ,0,0) be given by 

h{x x ,x 2 ) = x^[xr i O(l) + a^O(l)], 
f 2 (x u x 2 ) = ^^0(1)+^0(1)], 

where r, n\ and n 2 are positive integers. Assume that is an isolated zero of f. 

Then 

17(0) > 2n\n 2 + 2rn±n 2 . 
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Proof. By Lemma 13.131 the zero order 7r/(0) equals the sum of the zero orders of 
the four germs in 0(C 2 , 0, 0) given by 

9i(xi,x 2 ) = (x™ 1 ,^ 2 ), 

g 2 (xi,x 2 ) = « 1 ,^ 1 0(l)+a;™ 2 0(l)), 

g 3 (xi,x 2 ) = (x r ro(i) + xTO(i),xrh 

9i (xi,x 2 ) = (x^O(l)+x^O(l),^0(l)+x^O{l)). 

By Cronin's theorem we have 77 gi (0) > rnn 2 ; by Corollary 15.41 we have 77 S2 (0) > 
vvi\Ti2 and 7r g3 (0) > m\n2\ and by Corollary 15.31 we have tt 34 (0) > n^rii- Thus, we 
have 

77/(0) > 2mn2 + 2rn±n2- 

□ 

Lemma 5.1. Let f = (fi, f 2 ) ond g = (<?i,<72) be germs in O(C 2 ,0,0) and assume 
that A = (fly) is a 2 x 2 matrix whose elements ay are germs of holomorphic 
functions at the origin o/C 2 , with detv4(0) ^ 0. If 

= (gi,92)A = (gian + 32021,31(112 + 32022), 

and the origin is an isolated zero of g, then the origin is also an isolated zero of f 
and 

77/(0) = 77 ff (0). 

Proof. By the assumption, there exists a ball B centered at the origin in C 2 such 
that the origin is the unique zero of g in B, A is well defined on B and 

(5.6) det A(xi,x 2 ) 7^ 0, (xi,x 2 ) e B. 

Then there exists a regular value e — (ej., £2) of <?, which can be chosen close to 
the origin arbitrarily, such that g [e) l~l B contains exactly 77 g (0) distinct points 
(ai, 61), . . . , (aw g (o),K g (o)) in B - Tnus , we have 

/(oi, &i) - (ei, £ 2 )A(ai, 6j) = 0, i = 1, . . . , 7T fl (0). 

In other words, f s {xi,x 2 ) = f{xi,x 2 ) — {si, £2)A(xi, #2) has 77 ff (0) distinct zeros in 
B. It is clear that f e (xi,x 2 ) is a germ in O(C 2 ,0,0) converging to / uniformly on 
B as e = (ex, £2) —> 0, and on the other hand, the origin is also the unique zero of 
/ in B as well. Thus, by Rouche's theorem, we have 

77/(0) > 77,(0). 

But by (|5.6[) . the inverse A^ 1 of the matrix A is well defined on B, which is again 
a matrix of holomorphic functions, and g — f A~ x . Thus, for the same reason we 
have 77/(0) < 77 s (0). This completes the proof. □ 

Corollary 5.6. Let f = (fi,f 2 ) € O(C 2 ,0,0), let h be a holomorphic function 
germ at the origin, and let g G O(C 2 ,0,0) be given by 

9 = {h,h + hh) = {h,h) 
If the origin is an isolated zero of /, then it is an isolated zero of g and 

77,(0) = 77/(0). 
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Lemma 5.2. Let d > l,n± > 1 and n 2 > 1 be 'positive integers and let f 
(/ 1 ,/ 2 )GO(C 2 ,0,0) be given by 



(5.7) 



h(xi,x 2 ) = xf ni+1 an(x 1 ,x 2 ) + xl 1+1 x^ 2 0{l) 
+x 1 x dri2 0{l) + x 2 2 dn2+1 a 12 (x u x 2 ), 

f2(x!,x 2 ) = x d ^x 2 0(\)+x^x n 2 2+1 0(l) 

+x dn2+1 a 22 (x 1 ,x 2 ) + xl dni+1 a 21 (x!,x 2 ), 



where aij = aij(xi, x 2 ) are holomorphic function germs at the origin. Assume that 
the origin is an isolated zero of f. Then 

(5.8) tt/(0) > 2dn 1 n 2 + dm + dn 2 + 1. 
Proof. We first assume 

(5.9) ail (0)^0,a 22 (0)^0. 

Then [an(xi, x 2 )] _1 and [0,22 (xi, x 2 )] _1 are also holomorphic function germs at the 
origin, and we can reduce the germ / into a simpler germ h = (hi, h 2 ) of the form 

(r iq\ ( hi(xi,x 2 ) — x\ri(xi,x 2 ), 

\ h 2 (xi,x 2 ) — x 2 r 2 (xi,X 2 ). 

with 

(5n) [ r 1 (x 1 ,x 2 )=xf^a 11 (x 1 ,x 2 )+x^x^O(l)+x dn2 0(l), 

\ r 2 (xi 1 x 2 ) = x dni O(l) +Xi 1 x% 2 0(i) + x dri2 a 22 (x\, x 2 ), 

and with 

(5.12) 7r / (0)=7r h (0). 

By Corollary Ell 717(0) equals 7r g (0) for the germ g = (31,32) £ O(C 2 ,0,0) that 
is given by 

ffi (2:1, £2) = fi(xi,x 2 ), 

g 2 (xi,x 2 ) = f 2 (xi,x 2 ) - x dni [a n (xi 1 x 2 )]^ 1 a 2 i(xi,x 2 )f 1 (x 1 , x 2 ), 
Since ni > X,n 2 > 1 and d > 1, by (|5 . 7[) we can write 

xi ni [a 11 {x 1 ,x 2 )]- 1 a2i(x 1 ,x 2 )fi(x 1 ,x 2 ) = xl dni+1 a 21 (x u x 2 ) + x dni x 2 0(l), 
and then again by (|5.7p we have 

(5.13) g 2 (x!,x 2 ) = xi ni x 2 0(l) + x^x^ +1 0(l) + x dn2+1 a 22 {x u x 2 ). 
Again by Corollarv l5.61 7r ff (0) equals 71^(0) for the germ h = (hi, h 2 ) given by 

hi(xi,x 2 ) = gi(xi,x 2 ) - x dn2 [022(2:1, x^^auixi, x 2 )g 2 (xi, x 2 ), 
h 2 (xi,x 2 ) = g 2 (xi,x 2 ), 

and, by (|5.13|) and the expression of 31 = f\ in (|5.7|) . it is easy to see that h\(xi,x 2 ) 
has the expression 

hi(xi,x 2 ) = x dni+1 an(x 1 , x 2 ) + x" 1+1 x 2 l2 0(l) + xix dn2 0(l), 

and then the germ h — (hi,h 2 ) — (hi,g 2 ) has the expression (|5.10p . such that 
(UTTTIl and ((532)1 hold. 
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By (|5.9p . repeating the above arguments, we can reduce the germ r = (ri,r2) 6 
C(C 2 , 0, 0) into a further simpler germ s = (si, s 2 ) with the expression 

si(^,ar 2 ) = a;f 1 0(l)+x™ 1 4 l2 0(l) y d " 1)ni O(l)+4 l2 0(l)j , 

s 2 (^i,ar 2 ) = < 1 x™ 2 0(l)+2;f 2 0(l) =x 2 12 [x^ 1 0{l) + x { ^ 1)n2 0(l)\ , 

such that 7r r (0) = ir s (0). By Corollary [531 we have 

7Ts(0) > 1n\ni + 2(d — \)n\n 2 — 2dn\n 2 , 

and then 

7T r (0) = 7T S (0) > 2dn\n 2 . 
On the other hand, by Corollarv l5.2[ for the germs in 0(C 2 ,O, 0) given by 

fe 2 (a;i,^2) = (ri(xi,af 2 ),a;2) ) 
k 3 (xi, x 2 ) = (xi,r 2 (x 1 ,x 2 )), 

we have 

7r fcl (0) = l,7Tfc 2 (0) = dni,TT ka (0) = dn 2 . 
Thus, by Lemma 003] and (pnTJ]) . 

7Th(0) = 7r fcl (Q)+7r fe2 (0)+7r fc3 (0)+7r r (0) 

> 1 + (ini + <in 2 + 2dnin 2 , 

which implies (|5T5|) . by (jS"T2")) . 

If (|5.9p fails, then we consider the germ / e G 0(C 2 ,O,O) that is obtain from / 
by just replacing an{x\,x 2 ) with au(xi,x 2 ) + e, i = 1,2. Then f £ converges to / 
uniformly in a neighborhood of the origin, f £ has the form of (|5.7p and for sufficiently 
small e, is an isolated zero of f e by Rouche's Theorem, and a„(0, 0) + e 7^ for 
z = l and 2. Thus, the above arguments are applied to such f E if e is small enough. 
In other word, for sufficiently small e, we have 

7T/ e (0) > 1 + dn\ + dn 2 + 2dn\n 2 , 
and then (|5.8p follows from Corollarv l3.3l □ 

By Cronin's theorem, one can prove the following result. 
Proposition 5.1. Let f = (/i,/ 2 ) £ O(C 2 ,0,0) be given by 

fi(xi,x 2 ) = Xixi +xi(anx™ 1 +a 12 x™ 2 ), 
f 2 (xx,x 2 ) = \ 2 x 2 + x 2 (a 2 \x" 11 + a 22 x™ 2 ), 

where Ai, A 2 are primitive m\-th and m 2 -th roots of unity, respectively, m\ and m 2 
are positive integers that are relatively prime. 

If o-n 7^ 0, a 22 7^ and det(ay) ^ 0, then the origin is an isolated fixed point of 
/"" , /" i2 and f mim2 and the following formulae hold. 

M/-i(0) = (mi + 1), 
A*/~a (0) = (m 2 + 1), 
P mi m 2 (f,0) = mim 2 . 

Proof. When mi and m 2 are distinct primes, this is proved in [14] . But in general, 
the proof is exactly the same. □ 
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6. Proof of the Main Theorem: (B)=>(A) 

In this section, we deduce (A) from (B) in the main theorem. 
Assume that M > 1 is an integer and A is a matrix that satisfies (B) and let 
/ be a germ in 0(C 2 , 0, 0) such that 

Df(0) = A, 

and that the origin is an isolated fixed point of f M . We shall show that 
(6.1) Om(/,0)>2. 

By Lemma l3.10l and the assumption in (B), we may assume that 



.4 



Ai 
A 2 



where Ai and A2 are primitive mi th and m 2 th roots of unity respectively, and 
one of the following conditions holds, 
(bl) mi — m 2 = M and Ai = A 2 . 

(b2) nil = m-2 = M and there exists positive integers 1 < a < M and 1 < (3 < M 
such that 

(6.2) Af = X2A2 = > M + l. 

(b3) mi\m 2 , m 2 = M, and A™ 27 ™ 1 ^ X v 

(b4) M = [mi, 7712], (mi, m 2 ) > 1 and max{mi,TO 2 } < M. 

Then, in any case from (bl) to (b4), the origin is a simple fixed point of /, and 
then by Lemma |3. 11 we have 

(6.3) M/ (0)=Pi(/,0) = l. 

We show that any one of the four conditions from (bl) to (b4) deduces (|6.ip . 
and divide the proof into four parts. 

Part 1: (bl) ([67Tj) . 

Proof. In case (bl), we may assume Ai = A 2 = A and A is a primitive M th root of 
unity. Then, 

AO 



Df(0) 



A 



By Lemma 14.11 there exists a polynomial transform (2/1,2/2) = H(xi,X2) in the 
form of (|4.ip . such that each component of g = ((71,52) = H r 1 / H has the 
expression 

M 

(6.4) g j (xi,x 2 ) = \x j + < J2 a;l 1 4 2 + (| a; | M ),J = l,2, 

j 1 +i 2 =2 

in a neighborhood of the origin, where the sum extends over all 2-tuples (ii, i 2 ) of 
nonnegative integers with 

2 < h + i 2 < M + 1 and A = A il+i2 , 

which implies that M\(ii + i 2 — 1), since A is a primitive M th root of unity. Thus 
(|6.4[) becomes 

gj(xi,x 2 ) = \xj + o(\x\ M ), j = 1, 2, 
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and then the M th iteration g M = (g[ M ^ , g 2 M ^ ) has the form of 

g[ M \xi,x 2 ) =xi+ o{\x\ M ), 
g[ M \xi,x 2 ) = x 2 +o(|a;| M ). 
Then, by Cronin's theorem and Lemma 13.101 we have 

/i /M (0) = /i fl «(0) = ir g M_ ld (0) > (M + l) 2 , 
and then, by (|6.3p and by Lemmas 13.81 and 13.91 (ii), we have 

Pm(/,0) = M/m(0) - Fi(/,0) > (M+ l) 2 - 1 > 2M, 
and then, by Corollary 13. 51 Om(/,0) > 2. This completes the proof. □ 

Part 2: (b2) =^ ([67Tj) . 

Proof. We first show that 

(6.5) /i/M(0)>M+l. 

By Lemma |4. II and Corollary 14. li there exists a polynomial transform (i/i, j/2) = 
H(xi,x 2 ) in the form of (|4.ip . such that the M th iteration g M = (g[ M \g 2 M ^) of 
the germ g = (gi, g 2 ) — H^ 1 o f o H has the expression 

g[ M \xi,x 2 ) = Af an + E^_ a C^X* 2 2 +o(M 2M ), 
^(xx.xa) = Af x 2 + E^ 12 ^ 2 C 2 l2 ^x- + (|af 

in a neighborhood of the origin, where, for j = 1 and 2, 

(6.6) C^Oonlyif A^A^A^. 

By (b2), both Ai and A2 are primitive M th roots of unity. Thus, by (16. 6|) and 
(b2), Cl l0 ? only if M\(h - 1), and C^ 2 + only if i 2 > a; Cf )l2 ± only if 
M\ (i 2 - 1), and C 2 ^ only if ^ > (3. Thus, considering that Af = Af = 1 and 
that 

o{\x\ 2M )=xf +1 0{l)+xf +1 0{l), 

we can write 
(6.7) 

f ^(zi,^) - x, + x? +1 0(1) + 0(1)*! AUaW + ^O(l), 

\ gi M) (x u x 2 ) = x 2 + xfO(l) + 0(l)x 2 E-+ l2=1 ^ 2 l2 ^4 2 + 4 /+1 0(l), 
in a neighborhood of the origin, where 

(6.8) D{ i2 ^0 only if 1 = A^A^j = 1, 2. 
By condition (b2), we may write 

AI = [3m + 7, 

where m and 7 are positive integers with 7 < /3. We first assume 

(6.9) Ai = e^+^, A 2 = e^P7. 

Then, for any pair (ii, i 2 ) of nonnegative integers with A^ 1 A 2 2 = 1 we have 

(6.10) h +(3i 2 = O(modM), 
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and then by (|6.8[) . (|6.10[) and (|6.2|) , putting (£1,0:2) = h(zi,z 2 ) = (zi,z^), we 
conclude that the two components of the germ (g M — id) o h have the following 
expression. 

M 

g{ M) oh(z u z 2 )-z 1 = ^ +1 0(1) + 0(1)^ J] D UA4 i2 + zfO{l) 

= Zi(/>m(zi, z 2 ) + higher terms, 
M 

^oh{z lt Z2)-4 = z?OQ) + 0(1)4 E ^ ll2 ^^ 2 +4 (M+1) 0(l) 



= az^ + higher terms, 

where 4>m is a homogeneous polynomial of degree M, in Zi and z 2 , and a is a 
constant. In other words, 



(6.11) 



{g^ o h(zi,z 2 ) — Z\ = zi(f) M (zi, z 2 ) + higher terms, 
g 2 M ^ o h(zi, z 2 ) — z% — azi + higher terms. 

Since we have assumed that the origin is an isolated fixed point of f M , it is an 
isolated fixed point of g M by Lemma 13.101 and then the origin is an isolated zero 
of the germ (g M — id) o h G C(C 2 , 0, 0), which has the expression (|6.11[) . Thus, by 
Cronin's theorem, the zero order Tt( g M _ id ^ oh (0) of the germ (g — id) o h at the 
origin is not smaller than /3(M + 1), and since the origin is not an isolated solution 
of the system of equations 

zi<p M (zi,z 2 ) = 0, 
azf = 0, 

we have by Cronin's theorem, 

(0)>/?(M + l). 
Thus we have, by the fact 7Tfc,(0) = /3 and Lemma \'S. 121 that 

AV'(0) = V"-td(°) = K(g M -id)oh( )/nh(0) > M + 1. 
Thus, by Lemma l3.10i we have proved f|6 . 5[) under the assumption (|6.9p . 
When (|6.9I) fails, we first show that there exists a positive integer d such that 
Ai = Xf and A2 = X 2 has expression (|6.9|) . say 



(6.12) Ai = Xf = et*^ ,A 2 = X 2 =e^ 

2k 1 rvi 

Since Ai is a primitive M th root of unity, we may assume Ai = e m , where k\ 
is a positive integer with (k\,M) = 1. Then there exists a positive integer d such 
that 

(6.13) dfci+cM = l, 
where c is an integer. Then, 

(6.14) Ai = Xf = = e To\ 
By ([6TT3]) . one has (d, M) = 1, and then 

A 2 =A^ 

is still a primitive M th root of unity, since A2 is a primitive M th root of unity. 
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Now, both Ai and A2 are primitive M th roots of unity, and by (16. 2|) . we still 
have 

A? = Af = A^ = A 2 , 



A£ = Xf = A? = A 



and then by (|6.14ll . we have (|6.12p (recall that M = /3m + 7). 

Let F = / , the d th iteration of /. Then Ai and A2 are the two eigenvalues 
of DF(0). Thus, the above argument for the case (|6.9[) works for Ai, A2 and F, 
provided that is an isolated fixed point of F M = f dM . On the other hand, it is 
clear that the two eigenvalues of Df M (0) are both equal to 1, and therefore, by 
the assumption that is an isolated fixed point of f M and by Lemma [HUH is an 
isolated fixed point of F M = (/ M ) . Thus, applying the above argument to Ai, A2 
and F, we have 

H F u{Q) > M + 1. 

and again by Lemma 13.111 we have 

(j.jm(0) = ^ (/M) d(0) = [ipM (0) > M + 1, 

say, (16. 5p holds, and then we have proved ()6.5() completely. 

Thus, by (|6.3p . (|6.5p and by Lemmas 13.81 and 13.91 (\\). we have 

P M (/,0) = /i / M(0)-P 1 (/,0)>M, 

and then, 

O M (f,0)=P M (f,0)/M>2, 
for 0m(/jO) is an integer. This completes the proof. □ 

Part 3: (b3) (|6^|) . 

Proof. In case (b3), there exists an integer d > 1 such that M = ni2 = dra\. Then 
Ai is a primitive mi th root of unity and A2 is a primitive <imi th root of unity, 
and 

(6.15) \ d 2 ^ Ai. 

We first prove the following two conclusions. 

(i) If ji and J2 are integers with Aj 1 \ J 2 = 1, then d\ji- 

(ii) For any positive integer d\ with Aj 1 = Ax, 

di > 2d. 

We may assume Ai = e m i and A2 = e dm i , where k\ and k,2 are positive 
integers with k\ < mi, k2 < dm\ and 

(6.16) (fci,mi) = (fc 2 ,rfmi) = 1. 

If ji and J2 are integers with Aj 1 X 2 2 = 1, then we have 

h = 0(modl), 

mi ami 

and then 

jihd + j 2 k 2 = 0(mod (drtii)). 

Thus by (|6.16p . we have d\j 2 , and (i) is proved. If Xi, 1 = Ax, then by (|6.15p . d^ d\, 
and by (i), d\d\, which implies (ii). 
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Next, we show that there exists a polynomial transform (2/1,2/2) = H{x\,x 2 ) in 
the form of (|4.ip . such that for each positive integer k, the fc th iteration g h = 

(g[ ,9i ) of the S erm 

(6.17) g = {g ll92 ) = H- 1 ofoH 

has the expression 

g[ k \xi,x 2 ) = Afzi + X r i+1 (aW + o(l)) 
+x 2 x d O(l)+x 2d O(l), 

gf\x u x 2 ) = \\x 2 + x™ 1 x 2 0{l) + x lX d 2 +1 0(l) 
+x 2 2 d+1 0(l)+x d 1 mi+1 o{l), 

where is a constant for each k. 

By Lemma T4. II and Corollary 14. 11 there exists a polynomial transform H in the 
form of (|4.ip such that the k th iteration g k = (g[ k ' , g% ) of the germ (|6.17|) has 
the expression 

3mid 

(6.19) gf\x 1 ,x 2 ) = \ k jX] + ^ 2 ^4 2 + (N 3 ^),^l,2, 

j 1 +i 2 =2 

in a neighborhood of the origin, in which i\ and i 2 are nonnegative integers and for 
j — 1 and 2, 

(6.20) Cj^ a ^ only if Xj = A* 1 X 2 2 . 

By (|6.20j) . for j = 1 and any pair (u,ia) in the sum with 7^ 0, we have 

-^i 1 1 ^ 2 2 — 1j an d then by the assumption that Ai and A2 are primitive mi th and 
m 2 th roots of unity (note that m 2 = dm\), respectively, for such pair (ii,i 2 ), the 
following conclusions from (1) to (4) hold (note that i\ + i 2 > 2). 

(1) If h = 0, then i 2 > 2d (by (|635l) and (ii)); 

(2) If i 2 = 0, then i x > m x + 1; 

(3) If i\ = 1, then i 2 > dm\ > 2d: 

(4) If i x > 2 and i 2 > 1, then i 2 > d (by (i)). 

On the other hand, since d > 1 and mi > 1, it is clear that any term of o(|x| 3dmi ) 
has either a factor x- i mi+2 , or a factor x 2 d+1 , and then one can write 

(6.21) odaf' 1 " 11 ) = x dmi+2 0{l) + x 2 2 d+1 0{l). 

Thus, by (l)-(4) we obtain the first equation in (|6.18[) . 

By ((OP) , for j = 2 and any pair (i 1; i 2 ) with C k2 2 ^ 0, we have A^A^ 1 = 1, 
and then by the assumption, for such pair (ii,i 2 ) the following conclusions from 
(5) to (8) hold (note that h+i 2 >2). 

(5) i 2 ± 0; 

(6) If h = 0, then i 2 > dm x + 1 > 2d+ 1; 

(7) If i 2 = 1, then i\ > mi) 

(8) If mi > ii > 1 and i 2 > 2, then i 2 > d + 1 (by (i)). 

Thus, by (|6.2ip , the second equation in (|6.18p holds, and (|6.18p is proved. 

Since the origin is an isolated fixed point of f dm ^ t it is an isolated fixed point of 
f mi ,g mi and g dmi as well, by Lemma [3.101 To complete the proof, we first show 
(|6.ip under the assumption that 

a« + 0. 
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(6.24) 



Then it is easy to see that the coefficient a^) in (|6.18| satisfies 

(6.22) a {k) =kX k '- 1 a (1) ^Q,keN. 

For k = mi, by (|6.18[) and by the fact A" 11 = 1 and A™ 1 ^ 1, one can write 
g[ mi \x 1 ,x 2 )-x 1 = < 1+ V mi) +o{l)) + x 2 o{\), 
g 2 mi \xi, x 2 ) - x 2 = bx 2 + x 2 o(l) + x" ll+1 o(l). 
where b = A™ 1 — 1 ^ 0, and then by (|6.22p and Corollary 15. 21 we have 

(6.23) Mg™i(0) = ^.^(0) = mi + 1. 
For k = dmi, by (|6 . we have 

' g[ dmi) (x u x 2 ) = xi+ x? 1+1 0(l) + x\xiO{l) + x 2 2 d O(l), 

g ( 2 dmi \x u x 2 ) =x 2 + x^x 2 0{l) + x l x d+l O{l) 
+x 2 2 d+1 0{l)+x dmi+1 o{l), 

and then, putting (xi,x 2 ) — h(zi,z 2 ) = {zf,z 2 ni ), we conclude that the germ 
G = (Gi, G 2 ) — (g dmi — id) o h has the expression 

Gi(zi,z 2 ) = <j){zi, z%) + higher terms, 
G 2 (zx,z 2 ) = tp(zi, z 2 ) + higher terms, 

where <j) and ip are homogeneous polynomials of degrees dm\ + d and dm\ + mi, 
respectively (note that d > 1 and mi > 1). Since the origin is an isolated fixed 
point of / , it is also an isolated fixed point of g M by Lemma 13.101 and then it is 
an isolated zero of G. Therefore, by Cronin's theorem we have 

7I 'g(0) > {dmi + d){dmi + mi) = dmi(mi + l)(d + 1), 

and then, we have fi g d mi (0) = ttg (Q)/7T/j (0) > (mi + l)(d + 1), say, 

(6.25) fi g d mi (0) > dmi+mi + 1. 
Thus, we have by (|6~23|) . (f6~25)) and Lemma |3~TT)1 that 

(6.26) M/" 11 (0) = mi + 1 and (0) > dmi + mi + 1. 

By Lemma 13. 8[ each periodic point of the linear part of / at the origin has period 
1, mi or dmi. Thus, by Lemma [379] (ii) , we have 

P dmi (/,0) = M/rfmi (0)-P roi (/,0)-P 1 (/,Q), 

P mi (/,0) = m/-x(0)-Pi(/,0), 

and then, we have by (|6.26p that 

Pdrm (/, 0) = yu. fdmi (0) - /i/"H (0) > dmi , 

and then O dmi (/, 0) = P dmi (/, 0)/(<imi) > 1. But O dmi (/, 0) is an integer, we have 
O dmi (f, 0) > 2, and we have proved (|6.1[) under the assumption ^ 0. 
If — 0, then for e ^ consider the mapping g e — (gi i£ , g 2 , e ) given by 

( gi :S (xi,x 2 ) = gi(xi,x 2 ) + exf 1+1 , 

1 92,e (Xl, X 2 ) = g2(xi,X 2 ), 

which is obtain from (|6 . 18[) with k = 1, by just replacing the coefficient of 
x" ll+1 of the power series of , with e (note that g = g 1 = (gi,g 2 ) — (gi^^^))- 
Then f s = H o g £ o converges to / uniformly in a neighborhood of the origin 
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as e — > 0, and then, is also an isolated fixed point of f~ mi for sufficiently small e, 
by the assumption that is an isolated fixed point of f dm i and Lemma \'3. 21 

On the other hand, g e = H^ 1 o f e o H is in the form of (|6.19[) for k = 1, together 
([OOf . Thus, by Corollary [411 the k th iteration g k is still in the form of (j67T9|) . 
together (|6.20[) . Thus, repeating the process for proving (]6 . 18[) . we can prove that 
g k is still in the form of (|6.18| . more precisely 

g{ k \x u x 2 ) = X k lXl +xT 1+1 (A^ +o(l)) 

+x\x d 2 0{l)+xl d O(\), 
g i 2 ) (x 1 ,x 2 ) = \ k 2 x 2 +x 7 l ll x 2 0{l)+x 1 x d + l O{\) 

+x 2 2 d+1 0(l) + x dmi+1 o{\). 

But here A^> = e ^ 0. 

Therefore, all the above arguments for the case aW ^ apply to f £ ,g £ = H^ 1 o 
f e o H and g k , and then we have Od mi (/e, 0) > 2. Hence, by Lemma \5M we have 
(|6.ip in the case = as well. This completes the proof. □ 

Part 4: (b4) =^ ([67L]) . 

Proof. By (b4), there exist positive integers d > 1, n\ > 1 and ri2 > 1 such that ni 
and ri2 are relatively prime and 

mi = diii, m 2 = dri2, M — dri\n 2 . 

Then, the two eigenvalues Ai and A2 of 13/(0) are primitive dni-th, and dri2-th 
roots of unity, respectively. 

We first show that there exists a polynomial transform H in the form of (|4.1|) 
in a neighborhood of the origin such that for each k G N, the k th iteration g k — 
(di ,9s ) of the germ 

(6.27) g = H- 1 ofoH=(gi l92 ) 

has the expression 

g[ k) (xi,x 2 ) = X k xi+x dni+1 (a^ +o(l))+x^ +1 x^O{l) 
+xix d 2 n2 0{l) + x 2 2 dri2+1 0(l), 

g { 2 \xi,x 2 ) = X k 2 x 2 + xi ni x 2 0{\) + x^x^ +1 0(\) 
+x dn 2+1 (6« + o(l)) + x\ d " 1+1 0(1), 

where and are constants. 

By Lemma [4~T1 and Corollarv l4.H there exists a polynomial coordinate transform 
H in the form of (|4.1| in a neighborhood of the origin, such that each component 
of the k th iteration g k — (g^ , ) of the germ (|6.27[) has the expression 

Adnin-2 

(6.29) gf\xi,x 2 ) = \ k x, + C ^A lx 2+o(\x\ Mn ^),j = 1,2, 

in a neighborhood of the origin, where for each j — 1,2, the sum in (|6.29[) extends 
over all 2-tuples (ii,i 2 ) of nonnegative integers with 

(6.30) 2 < ii + i 2 < Adnin 2 
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and 

(6.31) Xj = X^>^. 
We may write 

\ j=e dn i J = 1,2, 

where kj is a positive integer such that (kj, drij) = l,j — 1,2. Recall that (kj, drij) 
denotes the largest common divisor of kj and drij . 

Now, first assume j = 1 and let (ii,i 2 ) be any 2-tuple that satisfies (|6.30|) and 
(|6.31| . Then we have 

(tl J 1)fcl + Ip. = O(modl), 
dni dn 2 

and then 

(6.32) (ii — l)/c 1 n 2 + ?2^2 w i = 0(mod (dn\n 2 )). 
This implies that ni|(ii — 1) and n 2 \i 2 , since 

(fci,ni) = (k 2 ,n 2 ) = (n 1 ,n 2 ) = 1. 

Therefore, for j = 1, each nonzero term C^x^ 2 in fJH is of type xf 1+1 x 2 n ' 2 0(l), 
in which s = (ii — l)/ni and i = i 2 /n 2 are integers. In particular, when z 2 = 0, by 
(|6.32|) we have (dni) \ (ii — 1) , and then ii > dni + 1 by (|6.30|) : and when ii = 1, by 
(|6.32p we have (dn 2 ) \i 2 , and then i 2 > dn 2 by (|6.30p . On the other hand, each term 
in the power series o(|x| 4drtlTl2 ) has the form cx^x 2 2 with ii + i 2 > 4dnin 2 . Thus 
each term in o(\x\ 4dnin2 ) has either a factor x dni+2 or a factor x 2 2 dn2+1 . Therefore, 
the first equality of (|6.28|) holds for some constant cr fc ' . 

For the same reason, the second equality in (|6.28[) holds for some constant few . 

By the assumption, we have \ dniTl2 = A 2 ni ™ 2 = 1, and then, by taking k = dnin 2 
in (|6.28j) . we have 

g[ dnin2) (xi,x 2 )-xi = xf ll + 1 0(l) + < 1+1 4 2 0(l) 

+xix dn2 0(l) + x 2 2 dn2+1 0(l), 

g 2 dnin2) (xi,x 2 )-x 2 = xi n 'x 2 0(l)+xTxT +1 0(l) 

+x dn2+1 0(l) + x\ dni+1 0(l). 

By Lemma T5.21 the zero order 7r g d„ in2 _ id (0) of g dniTl2 — id at the origin is at least 
1 + dni + dn 2 + 2dnin 2 , in other words 

(igdn-ina (0) > 1 + dni + dn 2 + 2dnin 2 , 

which implies by Lemma 13.101 that 

(6.33) ujd nin2 (0) > 1 + dni + dn 2 + 2dnin 2 . 

Now, let us first prove (|6.1[) under the assumption that, in the expression (|6.28p . 
a« ^ and ^ 0. 

Then it is easy to see that 

a (dn ^ = dmXf^a^ ^ 0. 

Thus, by (|?T2"5|) and the fact that X dni = 1 and A* 11 ^ 1, we can write 

g[ dni) (xi,x 2 )-xi = xf 1+1 (a (d " l) +o(l))+x 20 (l), 

g { 2 dni) (xi,x 2 )-x 2 = cx 2 +x 2 o(l) + xi ni+1 o(l), 
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where c = A2™ 1 —1^0, and then by Corollary 15. 21 we have 

/V»i(0) = V ni -w(°) = dni + 
and, repeating the above argument, by the assumption M 1 ) ^ 0, we have 

^ g d„ 2 (0) = dn 2 + 1. 

Thus by Lemma 13.101 we have 

(6.34) iifd ni (0) = dni + 1, /i^d„ 2 (0) = dn 2 + 1. 

On the other hand, by Lemmas 13.91 (ii) and 13-81 we have 

M/ ^(0) = P dm (/,0) + P 1 (/,0), 
/*/- a (0) = P rfn2 (/,0) + P 1 (/,0) ! 
/X/*.i» a (0) = frf» 1 n 2 (/,0)+P dni (/,0)+P rf » 2 (/,0)+P 1 (/,0). 

Thus, by (|6.3[) we have 

P*7lin 2 (/,0) = /l^!^ - /i/<*"l (0) - (J,fdn 2 (0) + 1. 

and then, by (|6.33p and by (|6.34p . we have Pdnin 2 (/, 0) — 2dnin 2 , and then (|6.1|) 
holds. 

Now, we have proved (|6.ip under the condition 7^ and b^> ^ 0. In general, 
we consider g e = (g 1>e , g 2 . £ ) & C(C 2 , 0, 0) given by 



91, e{xi,x 2 ) = gi(xi,x 2 ) +ex dni+1 

92, s{x\,x 2 ) = g 2 {xi,x 2 ) +ex 2 



(6-35) „_ „_\ „_\ , c „dn 3 +l 



which is obtained from (|6.28p with k = 1, by just replacing the constants a^- 1 ' and 
with e, and consider 

f^Hog.oH- 1 

where H is the transform in (|6.27|) . 

Since f £ uniformly converges to / as e — > 0, for sufficiently small e, the origin is 
an isolated fixed point of f drilTl2 by Rouche's theorem and the assumption that 
is an isolated fixed point of f dniTl2 (note that M = dnin 2 ). Then, it is clear that 
for sufficiently small e, f e again satisfies condition (b4) and g e = H^ 1 o f s o H is in 
the form of (|6T2^|) of k = 1, together with (jOO)) and (|OTj) . thus g k e = (g[ k) e , g ( 2 k) E ) 
is in the form of (|6.29p for all k € N by Corollary 14. 11 more precisely, 

g[ k) e (xi,x 2 ) = X k ;x 1+ xi^ +1 (A^+o(l))+xr +1 xrO(l) 

+ Xl xi n2 0{l) + x 2 2 dn2+1 0{l), 
g { 2 %x x ,x 2 ) = X^x 2 + xf ni x 2 0(l)+x^xy +1 0(l) 

+x dn 2+1 (p( fe ) + (1)) + x \ d ni+1 (9(l), 

where AW = pW = e ^ 0. 

Thus, all the above arguments for the case a^U 1 ' ^ apply to f £ and g h ' — 
(g[ k l,g 2 k l), and then we have Od ni n 2 (fs, 0) > 2, and then by Lemma [3~6l we have 
Cdnin 2 (/)0) > 2, say (|6.1[) holds again. This completes the proof. □ 
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7. Proof of the Main Theorem: (A) (B) 

Assume that M > 1 is a positive integer and assume that A is a 2 x 2 matrix 
such that the following condition holds. 

(C) For any f G O(C 2 ,0,0) suc/i that Df(0) = A and that is an isolated fixed 
point of f , 

(7.1) M (/,O)>2. 

We show that A satisfies condition (B) in Theorem 11.21 

We first show that the two eigenvalues Ai and X 2 of A satisfy 

(7.2) Af = Af - 1. 

Assume (|7.2[) fails. Then we may assume X^ ^ 1, and then by (C), Theorem ll.il 
and Lemma 13. 8[ the other eigenvalue Ai must be a primitive M th root of unity. 
But then we shall obtain a contradiction by constructing a germ / G 0(C 2 ,O, 0) 
such that Df(0) — A and that is an isolated fixed point of f M , but (|7.ip fails. 
That is to say, (C) fails! 

Since Ai is a primitive M th root of unity and X^ 1 7^ 1, we have Ai 7^ A2, and 
then the matrix A is diagonalizable. Thus, by Lemma f3 . 10t to construct that /, we 
may assume that 

-(0 £)■ 

We show that the germ f{x\ 1 x 2 ) G C(C 2 , 0, 0) given by 
f(xi,x 2 ) = {X1X1 + x^ I+1 , X 2 x 2 ) 

is the desired germ. 

Since Ai is a primitive M th root of unity and M > 1, it is clear that Ai 7^ 1 
and that the M th iteration f M of / has the expression 

f M (xi,x 2 ) = (x 1 +cx A 1 I+1 (l + o(l)),X A 2 I x 2 ), 

where c = MA^ /_1 =/= 0. Then, by the assumption that ^ 1 and by Cronin's 
theorem, the origin is an isolated zero of f M — id and the zero order is 

TT f M_ id (0) =M+1, 

and then the origin is an isolated fixed point of / with 

H f M(0) = M+ 1. 

On the other hand, it is clear that is a simple fixed point of /, and then 

M/ (0)=P 1 (/,0) = 1. 

Therefore, by Lemmas 13.91 (ii) and 13. 81 

Pm(/,0) = M/m(0)-P 1 (/ ! 0) = M, 

and then O M (f,0) = 1, say, (f7Tj) fails. Hence, ([73} holds. 

By (C), ()7.2p . Theorem 11.11 and Lemma f3.8( we can conclude that there exists 
positive integers mi and m 2 such that 

(D) The two eigenvalues X\ and X 2 of A are primitive m\ th and m 2 th roots 
of unity, respectively, and 

(7.3) M=[mi,m 2 ]. 
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Without loss of generality, we assume that 

mi < m 2 < M. 

If 771 1 and m 2 do not satisfy any one of the conditions from (bl) to (b4), then 
by (D) and Remark 1 one of the following conditions must be satisfied: 
(bl)' To! = 777 2 = M, Ai = A 2 and A is not diagonalizable. 

(b2)' mi = Tn 2 = M and there exists positive integers a and (3 with 1 < a < M 
and 1 < p < M such that 

(7.4) A" = A 2 , A 2 = Ai, a/3 = M + 1. 

(b3)' 7772 = M, mi|m 2) mi < m 2 , and A™ 2/mi = A x . 
(b4)' mi and m 2 are relatively prime, and m 2 > mi > 1. 

We show that each condition from (bl)' to (b4)' contradicts condition (C). This 
will be done in each case, by constructing a germ F £ C(C 2 , 0, 0) such that DF(0) = 
A and is an isolated fixed point of F M , but O M (F,0) = 1, say, (J7H]) fails. We 
divide this process into four parts. 

Part 1: (bl)' implies the existences of F. 



Ai 
1 Ai 



Proof. In case (bl)', by Lemma 13.101 we may assume that 

A = 

Then, consider the germ F £ O(C 2 ,0,0) given by 

F(xi, x 2 ) — (X1X1 + x\ 1+l ,x\ + Aia; 2 ). 

Since Ai is a primitive M th root of unity and M > 1, the origin is a simple fixed 
point of /, say, 

(7.5) Pi(F,0) =/xf(0) = 1. 

It is easy to see by induction that the M th iteration F M of F has the expression 
(V^U r \\ T - ( xi+Xi<f>M(x 1 ,x 2 ) + M\ A 1 I - 1 x% I+1 +o(\x\ M + 1 ) 

where x — {x\,X2) and 4>m is a homogenous polynomial of degree M. Then 
F M (xi,X2) — {x\,X2) has the expression 

(F ( Xl , X2 )-( Xl ,x 2 )) =^ MAf-4i+ o( N) ) 

and the origin is an isolated zero of the system 

x 1 <t> M {x ll x 2 ) + M\M~ 1 x 2 VI+1 = 0, 
MAf _1 xi = 0. 

Thus, by Cronin's theorem, the zero order of the germ F M — id at the origin equals 
M + 1, and then 

fipM (0) = M + l. 
Thus, by CL3 and by Lemmas ED (ii) and EES 

P M (F, 0) - /j f m(0) - Pi(F, 0) = M, 
which implies M (F, 0) = 1. □ 
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In any other case, A is diagonalizable, and by Lemma 13.101 we may assume 

*-{* £)■ 

Part 2: (b2)' implies the existence of F. 

Proof. In case (b2)', consider the germ F = (Fi, F2) G 0(C 2 , 0, 0) given by 

F 1 (x 1 ,x 2 ) = AiZi+xf, 

F 2 (xi,X2) = X2X2+X". 

By (D) and (b2)', both Ai and A2 are primitive Af th roots of unity, and then by 
(H3), it is easy to see that the M th iteration F M = (F^ M) ,F^ M) ) of F has the 
expression 

F[ M) (x 1 ,x 2 ) = X! + M Af _1 2^ + higher terms, 

F 2 {M] (x!,x 2 ) = x 2 + MAf" 1 ^" + higher terms; 

and then by Cronin's theorem, we have 

fj,p M (Q) = a/3 = M + 1. 

On the other hand, since M > 1 and both Ai and A2 are primitive M th roots 
of unity, the germ F here still satisfies (|7.5p . Therefore, by (|7.5p and by Lemmas 
13.91 (ii) and 13. 8\ we have 

P M (F 0) = fJ'pM (0) - Pi(F, 0) - Af, 

and then e> A f(F,0) = 1. □ 

Part 3: (b3)' implies the existence of F. 

Proof. In case (b3)', we consider the germ F £ C(C 2 , 0, 0) given by 
(7.6) f (xi, aj 2 ) = (Aixi + + a^, X2X2 + x n 1 ll x 2 ) 1 

where 

d = mil 'mi = Mjm\ > 1 

is a positive integer. 

We first assume mi = 1. Then d = 7712 = M and Ai = Af = 1, and then it is 
easy to show that the M th iteration F M = (F^ M \ ) has the expression 

f[ M \ X1i X2) =x x + Mx\ + Mxi + x\o{l) + xio{l), 
F^ M) ( Xl ,x 2 ) = x 2 + MXf^xxXi + x lX 2o{\) + x d 2 +1 0{\). 

Then by Corollary 15. 1[ considering that d = Af, we have that the zero order 
TT F M_ id (Q) of F M - id at the origin equals d + 2 = Af + 2. Thus, 

[i pM (0) = n F M_ id (0) = M + 2. 

On the other hand, since Ai = 1 and A2 7^ 1, we can write 

F(xi,x 2 ) = (xi +x\ + .x 2 o(l),A 2 a;2 + .x 2 o(l)), 

and then by Corollary 15. 21 the zero order ^-,^(0) of F — id at the origin equals 2, 
and then 

f l F (0)=Pl(F,0)=TT F - U (0)=2. 
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Hence, by Lemmas 13.81 and 13.91 (ii) . we have 

P M (F, 0) = fi F M (0) - Px(F, 0) = M, 

and then O m (F,Q) = 1- 

Now, assume mi > 1. Then we have d = ra 2 jra\ > 1 and A™ 1 ^ 1, and then, 
the mi th iteration F mi = (i^ m 1 ',F 2 mi ) of F given by (|7.6p has the expression 

f if" (a*, a*) = xi + < 1+1 (ci + o(l)) + x d 2 ( Cl + o(l)), 
[ F 2 (mi) (:ri,a; 2 ) = A 2 fll x 2 + m 1 \^- 1 x^x 2 (\ + o(l)) + x d 2 +1 o{\), 



(7.7) 



where ci = ni\ 

a ,th-i _^ Q _ ThuSj by Corollary [5j] thc 

zero order of the germ 

F mi — id at the origin equals m\ + l, say 

(7.8) (itirmi (0) = mi + 1. 

Now, consider the fixed point index /j, f m(0) of F M = {f[ M) , F 2 (M) ), the M th 
iteration of F. By (b3)' and (|T.3[) . A™ 1 is a primitive d th root of unity, and then 
by (|7.7[) . it is easy to see that the germ (note that M — dm,\ = m 2 ) 

F M ( Xl ,x 2 ) = (if^F^) = (F mi ) d 

has the expression 

f f[ m \x x ,x 2 ) = Xl + dx r { ll+1 ( Cl + o(l)) + dasg(ci + o(l)), 
\ F 2 (M) (x!,x 2 ) = .x 2 + AfAf- 1 < 1 ^2(l + o(l))+x^+ 1 (l), 

and then the germ F M — id = (F^ M \ F 2 ) — id has the expression 

{ f[ M) {x u x 2 ) - Xl = x[ ni+1 (d Cl + o(l)) + x d 2 (d Cl + o(l)), 
\ ff^,^) - x 2 = Af Af- 1 < 1 x 2 (l + o(l)) + x d 2 +1 o{\), 

and then, by Corollarv l5.1i we have (note that dc\ ^ and MA^ -1 ^ 0) 

(7.9) [ipM (0) = ir F M_ id (0) = 1 + mi + dm\. 

By Lemmas 13.81 and 13.91 (ii) , We have 

Mjtm(O) = P M {F,0) + P mi (F,0) + P 1 (F,0), 
MFmi (0) = P mi (F,0)+P 1 (F,0). 

Thus, by (f775]l and ([71?]) we have 

P M (F, 0) = /Xfm(O) - /Uirm! (0) = dmi = M, 
and then O M (F,0) = 1. □ 
Part 4: (b4)' implies the existence of F. 

Proof. In case (b4)', the existence of F follows from Proposition ^. 11 This completes 
the proof. 

Now, we have prove that any case from (bl)' to (b4)' can not occurs. Thus A 
must satisfy (B) in the main theorem. □ 
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